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MOTIVATION

Why would a fast (~mins), scalable 3D MHD-equilibrium solver that
resolves magnetic islands and stochastic regions be useful?

� EXTENDED-MHD SIMULATIONS.-
fast, accurate fields in conditions of 
interest (i.e., NTMs)  to initialize    
e-MHD codes (M3D, NIMROD..)

[Source: CEMM, PPPL]

[Source: FED, ORNL]

� STELLARATOR OPTIMIZATION.-
include in optimization suite at run-
time (STELLOPT).
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MOTIVATION

Why would a fast (~mins), scalable 3D MHD-equilibrium solver that
resolves magnetic islands and stochastic regions be useful?

� EXPERIMENT DESIGN, 
RECONSTRUCTION  AND 
INTERPRETATION.- ELM control via 
externally-driven stochastic magnetic 
perturbations in ITER.

[Source: M. Becoulet, CEA]

� INTEGRATED TRANSPORT MODELING.- couple with simple transport codes 
to include effects of islands and stochastic regions in confinement.
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HOW TO DESIGN A FAST ISLAND SOLVER?

� Avoid integration along magnetic field lines

• Slow and can be inaccurate in stochastic
regimes.

� Make it scalable, so that it can be easily ported
to a parallel environment.

� Build on many years of ORNL expertise with MHD
codes (VMEC, COBRA, FAR..).

Relevant VMEC features are:

• 3D equilibrium code
• Assumes closed, nested magnetic surfaces
• Hybrid spectral/finite-differences discretization
• Provides a very tight spectral representation
• Preconditioned iterative solver
• Fixed and Free-boundary calculations

[See: S.P. Hirshman and J.C. Whitson, Phys. Fluids 26, 
3553 (1983); S.P. Hirshman, W.I. van Rij and P. Merkel, 
Comp. Phys. Comm. 43, 143 (1986)]

3

[See: S. Hudson, Phys.Plasmas 11, 677 (2004))]



Scheme (I): Basic Equations

Ideal MHD energy:

For any plasma displacement, conservation of magnetic flux and mass requires:

The force in the “displaced” state is given by:
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The force in this state is given by:

To find equilibrium, solve nonlinear equation
and update fields with that displacement.4

Faraday’s law

Mass conservation
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Scheme (II): Force equation

The non-linear (quadratic) equation:

The standard way is to iterate Newton’s method:

At each iteration
solve linear problem:

Hessian

Improve non-linear convergence
by adding line-search strategies.

Residual force
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must be solved iteratively.
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Scheme (III): Linear Problem

Each linear problem is solved using a Krylov-iterative method like GMRES. Note: 

Signs of eigenvalues reveal
local landscape:

Convergence may thus be problematic:

• if (k-th) Hessian has near-zero or eigenvalues with different signs.

• if (k-th) Hessian has a large condition number (disparity of MHD scales).
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Find extrema of a symmetric quadratic form
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Scheme (IV): Preconditioning

RIGHT PRECONDITIONING:

The local landscape is very nonsymmetric for
large CN. Messes up convergence.

The condition number (CN) is the ratio of the
largest to the smallest Hessian eigenvalues.
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Precondition takes also care of different-sign eigenvalue
problem. All eigenvalues of the preconditioned matrix
eigenvalues are                   if done correctly.
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Scheme (V): near-zero eigenvalues

Standard work-around is to use
LEVENBERG-MARQUARDT method.

Near-zero eigenvalues may mess up 
the convergence of the Krylov iterative
scheme even when preconditioning is
used due to numerical errors.

The parameter decreases to zero as the iteration progresses. Final solution
is the same of that of the original problem.
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IMPORTANT: SIESTA uses a related but simpler approach discussed later.
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The SIESTA code (I): VMEC coordinates

SIESTA implements the scheme described. It currently uses a non-linear Newton
method (NM) to converge to equilibrium. At each NM-iteration, a Krylov iterative
(GMRES) scheme solves the linear (preconditioned, LM-modified) problem.

SIESTA’s design choices attempt at facilitating this process as much as possible.

�

�

1. It uses, as background (fixed) coordinate
system, the one VMEC finds for the same
problem. This provides a very compact 
representation and, thus, small(er) Hessian. 

2. SIESTA radial coordinate “r ” is the square
root of VMEC’s toroidal flux, though. 
Coordinates become a polar-like system
with elongation built-in. 

3.   The “nested” VMEC solution (for same problem) is splined onto SIESTA’s
radial grid and used as initial guess for pressure and magnetic field vector.
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The SIESTA code (II): fields

� SIESTA uses the same spectral representation as VMEC. 
� Dependent variables are different from VMEC’s: B and p. 
� Evolution of Bs allows for island and stochastic region formation!

2.   Evaluation of the non-linear terms in force via pseudo-spectral scheme.

1.   Use of a hybrid spectral/finite-differences representation and the fact that
highest radial derivatives in the perturbed force are 2nd order Hessian
is block-tridiagonal.
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The SIESTA code (III): radial discretization

SIESTA implements a radial discretization carefully designed to preserve the
block-tridiagonal character of the Hessian. 
.

Relationship between meshes: tight coupling of radial derivatives in 
conservation equations need to preserve block-tridiagonality!
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Typical discretizations:
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The SIESTA code (IV): Hessian

Linear problem:

Vectors of size:
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The SIESTA code (V): Hessian

The Hessian is computed numerically. Since only 3 radial surfaces are coupled
simultaneously, intelligent choice of allows to do evaluation very efficiently.

Thanks to preserving tridiagonality, Hessian has only

blocks of size:� � � � �
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The SIESTA code (VI): Preconditioning

When preconditioning the Hessian, GMRES needs to multiply the
preconditioning matrix by an arbitrary vector. This is equivalent to solving:

Two different preconditioners are used:

1. Until the residual force falls below a preset
threshold, the precondioner only includes the
diagonal part of each block.

2. Below the threshold, the full Hessian is used. 
For the block-tridiagonal Hessian, a solver is
available that uses no fill-ins or extra storage.

SIESTA provides solver routines specialized for the preconditioners it uses.
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The SIESTA code (VII): Levenberg-Marquardt

Standard LEVENBERG-MARQUARDT method:

The resulting matrix is block penta-diagonal and has larger CN, but all eigenvalues
are positive. Implementation is more complex than the block tri-diagonal one and
requires a new solver (already used in the DKES code). For now, SIESTA uses a 
simplified Levenberg-Marquardt approach:

�
� �

� � � � � � � 

�

� � � �� � � �
� � � �

� � � � � �� � � �

� � � � � �� � � �

� � � � � � 
 � � � � �� � � �

� � � � � ��
 � �� � � � � � � � � �

It appears to work well if
negative eigenvalues are 
much smaller than the
dominant positive ones
and .� � � ��� �
 � �
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Initial SIESTA version

1. Fixed-boundary equilibrium

2. Stellarator symmetry (preserved
in the evolution), which reduces 
linear size of Hessian by 2)

3. Calculate response to a seed
resonant magnetic perturbation

Deal with simple examples to facilitate sorting out 
convergence issues first. Thus, we will restrict to:
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(Similar representation holds also for
magnetic field components)
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Initial results (I):CDX-U

Seed (m=1, n= -1) pert. added
to initial VMEC solution.

POINCARE PLOTS (Don Spong, ORNL)
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Initial results (II):CDX-U
Pressure contours are aligned with
magnetic field topology and exhibit
correct phase and helicity!

f = 3p/2f = 0
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Initial results (III):CDX-U

(-) Change in energy (x10-6)

The solution corresponds
to a lower energy state. 

Conserved quantities are 
indeed conserved!

Divergence of B stays
near-zero. 

Divergence of B (x10-17)

Change in Toroidal Flux (x10-15)
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Initial results (IV):CDX-U

There is still room for
improvement in the
convergence!

Displacement (rms)

Residual Squared Force (rms)
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Initial results (V):CDX-U

Halved to
approx. 3 min

(on a PC).

Easy speed-up: 
move to FFT’s!

Scalable: 
Parallelize!

f = 0

f = p

With LM schemeNO LM scheme

21



Initial results (VI):D-IIID

Seed (m=2, n= -1) pert. added
to initial VMEC solution.

POINCARE PLOTS
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Initial results (VI):D-IIID

Pressure contours are again aligned
with magnetic field topology and
exhibit correct phase and helicity!

f = p/8

m=223



Initial results (VII): D-IIID

With LM scheme Time < 1 min.

Much better
convergence

pattern
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Largest problem solved (~40 min):

NEQS: 105651 MPOL: 12 NTOR: 4 NS: 301



SIESTA future development

� Complete convergence studies

1. Further improve
convergence!

2. Implement multigrid
scheme.

[From: A.W. Kleyn et al, 
Chem. Phys. 8, 1761  (2006)]

� Speed-up:

1. Implement FFTs: remove stellarator
symmetry restriction.

2. Parallelization: highly scalable due to
block structure.

� Longer-term extensions: 

1. Stochasticity (with S. Hudson, PPPL)
2. Anisotropic pressure
3. Free boundary equilibria.
4. Open field lines region?

[From: http://www.nersc.gov]
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Conclusions

� We have shown that it is possible to compute well-converged 3D ideal 
MHD equilibria in the presence of magnetic islands in a fast (~min.), 
accurate and scalable manner.

� The key is the adequate combination of a non-linear Newton method with
properly preconditioned, LM modified Krylov-based iterative solver.

� Use of VMEC to provide both background coordinates (in which the
solution can be expressed compactly) and a good initial guess to start the
iteration procedure enormously facilitates the success of this approach.

� Further improvements in convergence (Conjugate-Gradient, full LM, etc.) 
as well as the implementation of multi-grid methods should open the path
to successfully solve much larger resolution equilibria as well.
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